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ABSTRACT 

The cross-secticm for neutrons scattering from H2 and D2 has'been 

calculated taking into account the spin correlations, rotations, and vibra- 

tions of the molecules exactly, to the extent that the vibrations are harmonic 

and do not interact with the rotations. Free translations of the molecules 

are assumed, but this assumption is expected to be valid in the liquid for 

neutron energies above .002 ev. 

cross-section for both ortho- and para-hydrogen gas at 20.4OK which agree 

Numerical results are given for the total 

reasonably well with the limited experimental results available. Also curves 

of the double differential cross-section are shown for selected incident neu- 

tron energies and scattering angles. These latter curves show very clearly 

the various rotational and vibrational transitions. Th@ formulae given here 

are applicable at all temperatures below ths thermal excitation of the first 
vibrational level. & C G t c J L  

iii 



1. 

I. INTRODUCTION 

In  recent years, l iquid hydrogen has become important as a propellant 

This application necessitates 4 knowledge of the inter-  i n  nuclear rockets. 

actions of rLeutrons with the H2 molecule. 

absorption of neutrons by hydrogen atoms must be predicted, and the neutron 

shielding properties of l iquid hydrogen must be understood. For both of 

these applications it i s  necessary t o  know how the neutrons are transported 

through the l iquid and thus the cross-section and dis t r ibut ion of neutron 

scatterings from €$ molecules must be predicted. 

Secondary Y -heating due t o  
* 

Several Monte Carlo computer codes have been written fo r  use i n  solving 

propellant heating and shielding problems. 

t i cu la r  s e t  of assumptions i n  the slow neutron energy range. 

one code currently i n  use assumes isotropic scattering from free protons 

for  neutron energies above .08 ev. 

t h i s  assumption i s  not too severe for  the t o t a l  cross-section, it i s  far 

from t rue  f o r  the angular distribution of scattered neutrons. 

vibrations of the €$ molecule are completely ignored i n  the code, but are 

included exactly i n  t h i s  work. 

Each of these codes uses a par- 

For example, 

The resu l t s  i n  t h i s  paper show tha t  while 

In  addition, 

The technique of slow neutron scattering has proved most valuable as a 

probe f o r  studying molecular systems,(1) and much work has been devoted t o  

the development of calculationa3 methods and models which will adequately 

describe the scattering from such systems. 

perhaps the simplest of a l l  but, as  a l i q u i d ,  hydrogen i s  important both as 

a cold neutron source and, i n  special cases, as a shield. However, up t o  the 

present, the on ly  calculations tha t  have been performed (2y3) are applicable 

The 5 molecule i s  not only 
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to high temperatures ( 

b. 06 ev), and to low temperatures (< - 3OoK) with low neutron energies 
4OO0K) with high incident neutron energies 

The purpose of this present paper is to derive the cross-section for 

neutrons scattering from hydrogen gas in the energy range from 0 ev to 

roughly 3 ev, and for temperatures < 3000'K (the vibrational levels are 

assumed unpopulated). 

the restriction that 'or incident neutron energies less than that of thermal 

equilibrb (<. 002 ev) the results are not expected to be accurate. Spin 

correlations, rotations and vibrations are taken into account exactly, to 

- 
The results are applicable to liquid hydrogen, with 

the extent that vibration-rotation coupling can be neglected, and that the 

vibrations are harmonic. Some numerical results are given, and these are 

compared with available experimental data. It is hoped that when more 

detailed experimental information is obtained, the calculation given here 

will prove usef'ul in evaluating the assumptions that enter into the theory 

for more complicated molecules. 

Since the only significant calculational difference between D2 and H2 

is the effect of spin correlations, these have been evaluated, and thus we 

have derived the cross-section for D2 in addition to that for 5.  



In order to describe the interaction of a neutron with a molecule, the 

specifically nuclear interaction is replaced by a point delta-function 

interaction, with the amplitude adjustedto give the correct cross-section 

for scattering from isolated and fixed nuclei. 

first Born approximation can be used to describe the scattering of neutrons 

with the complete molecular system. 

With this provision the 

If the position vector of a nucleus 

is ;and that of the neutron is 

neutron is 

V(;p) = 

where m is the neutron mass and 

4 then the potential experienced by the 'n, 

(2n a/m) 6 (G'n-G') 

a the amplitude, or in other words the 

bound scattering length, which is in general spin-dependent. 

If now one uses the first Born approximation: 

and the representation: 

2n 6(x) = [dt ei*, 

of the delta-function, which serves to express the energy conservation 

condition in time-dependent form, the cross-section for neutrons scatter- 

ing from nuclei bound in any chemical system can be found. 

is then reduced to a consideration of the dynamics of the scatterer. 

The problem 
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I n  uni ts  where A= 1, t h e  d i f fe ren t ia l  cross-section f o r  t h e  scattering 

of neutrons from any molecular system with i n i t i a l  wave function 

f i n a l  wave function ti is 

and 

(1) 

m 

-00 

Here ko, k are Initial and f i n a l  neutron momenta respectively, El, Ef are 
+ the i n i t i a l  and final neutron energies, e the  neutron energy transfer,  a 

the  neutron momentum tranefer, ?m and am the position vector and scattering 

amplitude of the m-th atom respectively, and the  subscript T implies that  a 

the& average i s  t o  be taken over the i n i t i a l  states. 

The % molecule is dumbell-shaped w i t h  a separation a. The molecule 

can then vibrate along the l i n e  Joining the atoms, and ro ta te  about the 

center-point of tha t  l ine.  We write then f o r  the position vector of a 

hydrogen atam: 

n +  + (-) RI/2, n LI 1, 2 4 4  

r* - 5 

where r;‘ I 
the relative coordinate of the two atoms of the  I - th  molecule. 

separation Eq. (1) becomes 

18 the position coordinate of the  molecular center-of-mass, and RI 
Using t h i s  



a 

First we consider the eecond t e n  which refers to 8 single I$ molecule, and 

which we refer to 8s the "del f"  tenn. 

the traneletional modes can be eeparated,then we can writs for the "self" tern 

If we make tho good 8SemptiOn that 

c 



where pit is the i n i t i a l  wave.funct3.on. of '$he translatiha1 moiles, !and : 

El i ,  Ep' are the energies of the rotational and vibrational states only. 

It i s  well t o  point out here that due to the vibrations R i s  not constant. 

2.1 Spin Correletione 

The nuclei of the I$ molecule can form state8 of total spin &O or 

Sd, the farmer correeponding t o  para- edl the l a t t e r t o  ortho-hydrogen, 

For &O only etatee of total angular ammentun J having even valuer CM 

occur, and for &1 only odd v a l u e  of J ewe allowed. 

comprte the effect0 in  Eq. (3) that are due to  the nuclear rpiar, 

In thio section we 

CIU 

we 0811 write e(t) expl ic i t ly  i n  the form 

which include8 a thermal average over the initial rtater, 



where the  parameters are defined BB followe: 

J, J' i n i t i a l  and f i n d  angular momentum of t h e  molecule 

(Jz and Ji are t h e i r  z component) 

i n i t i a l  and f i n a l  t o t a l  epin of t h e  molecule 6, S' 

(Sz and Sk are their  c component) 

i n i t i a l  and final z component of the neytron w i n  

rotational. energy of the &ate J 

e t a t i e t i c a l  weight of the e t a t e  J w i t h  sp in  S 

0%) 0; 

5 
'JS 

cu quantum of vibrational enerw 

n vibrational quantum number 

3 +  + +  
R - i K . 7  R i K . 2  

+ a2e Ye A =  

Thus g ( t )  refers t o  t h e  rotational,  vibrational and spin dependent par t  of 

Eq. (3). The molecular Hamiltonian has been taken t o  be spin independent 

and as stated previously the coupling between rotat ions and vibrations i s  

neglected. Thus IJ,S,n> = (J> I S> I n> . 
Since .liw = .546 ev, fo r  hydrogen all the  molecules are i n i t i a l l y  i n  

t h e i r  vibrat ional  ground state, n d ,  the higher states being frozen out 

except a t  very high temperature (2  3000°K). 

are given by 

The rotat ional  energy levels  

where M is  the  proton mass, and a the equilibriuni separation distance of 

t h e  H-H bond. 

scat ter ing length operator of the  proton has the form 

NOW l e t  us rewrite t h e  operator A. We r e c a l l  tha t  the 



4 4  4 4  
I + 1 + 2 I * l y  m m I -21 * u  

m 21 +1 a+ + a - a =  
rn m 

where I 

s inglet  ecattering len&hs, respectively of the neutron-proton inter- 

i s  the epin of the proton and a+ and a are the t r ip le t  and - m 

- + + *  
action. Since I = 1/2 and I1 + I2 = 3 we find 

with the usual definitions of coherent and incoherent ecattering length: 

(I+l)a+ + I a - 
( 21 +1) 

= <a> = - 2 2 
coh a 

respectively. 



First  we shell  conaider trnnoitionsbetween otatee of the  me parity (and 

hanco with tho same molcciilnc epin S) .  

part of A contributes to  Chr- matrix element8 and callin(g a and 8 the In i t ia l  

and f ina l  etot,ee we have 

In th i s  c a m  only the symnetrlc 

where 

Now we may a m  over the final epin states With the result 

The square of the hennitian operator P i e  

B\Wning wer the neutron epin etatee the laat term araregsu to sum. Bin00 



Substi tuting now Eq. (12) and (15) into (5)  and sumPning over S we obtain 

f o r  opin conserving traneit ione 

J J' 

where the  l e  over e ta tee  of mame par i ty  ae J. 

J' 

For t rnnei t ions between e ta tes  of appoeite pa r i ty  (and hence of different  

spin 8 )  only t h e  antieynmetric par t  of the operator A gives a nm- 

vaniehing contribution t o  the matrix elements. I n  t h i s  case 

with 

Again, ounnning over f i n a l  spin s t a t e s  and considering tha t  



one finds 

2 +-+. 1 einurt 1, /<J'J;n)nin tC*R T ~ J J ~  n=ml (20)  
n-4 JzJz 

where the  sum 

can be obtalned f o r  Dp and are given fn Appendix A. 

is over states of opposite pparityto J. These same r e su l t s  Et J 

2.2 Vibrations 

Since a l l  the  molecules are i n i t i a l l y  i n  t h e i r  ground vibrational state, 

the  vibrational t ransi t ions are important  only i f  the  incident neutron energy 

i s  great enough so t h a t  K /8Mm 2 1. The neutron then cannot gain energy from 

the vibrational modes. 

2 

The vibrational matrix elements can be evaluated exactly under the 

assumption t h a t  t he  restoring force of the H-H bond is harmonic i n  nature. 

We w r i t e  R r- a+x where x i s  the  mount the bond length i s  stretched. 

expanding x, 

On 

x = i(Mm)-1/2 [b-b.'] 

+ where b , b are the  boson creation and annihilation operators respectively, 

the  matrix elements i n  Eqs. (16) and (20) are of the form 

were 1-1 = cos 0:  and 0 i s  the angle between and 3. 



12. 
Usiw the  relat ion 

eA eB = e A+B+1/2 [A ,  B] - J  

the above expression becomes: 

One readily observes then tha t  i n  Eq. (16) 

since J' and J have the same parity. 

have opposite parity,  so t ha t  Eqs. (16) end (20) become 

A similar expression holds if' J' and J 

J J' 



*I i (EJl -EJ) t 

inc 
J J.' 

Eqs. (22) and (23) are expected to be valid for n up to a value of 5, 

for above this value the H-H bond must begin to show its non-linear character, 

and the harmonic approximation should fail.  

2.3 Rotations 

Since EJ - ,? J( J+1), at liquid hydrogen temperature, kT << .015 and 

all the molecules are in their lowest rotational state, which is J=O for para- 

hydrogen and J-1 for ortho-hydrogen. 

know the transition probability between two arbitrary rotational states. 

At higher temperatures however, we must 

The wave fhctione for the rotational states of the linear €I2 molecule 

(if we assume no rotational-vibration coupling, and that there is no hindrance 

to the mtation) are Just the spherical harmonice: 

We choose a coordinate system with 2 along the e-axis. 

elements then are of the form: 

The rotational lnatrlx 
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If now we  make use of the caupliw theorem(6) for  the spherical harmonics, 

nemely : 

where the C (a,d2d;mlm2) axe the Clebsah-Gordan coeff ic ients  which vanish (for ml=m2=O) 

unless l?l+ 

written as: 

+ 1 ie even, and notice that JI must equal J,,, EQ. (24) can be 

thus 

Jd Jz 1 



where we have used the closure relat ion for  the Clebech-Cordan coefficiente: 

C(J J'l';J,-Je) C(J J ' 1  jJZ-Jz) =ej141.  z 
J2 

The s4 ara defined by 

-1 

and P4(v) io the  Legendre polynamiel of order 1. 

Ueing E q .  (a), Eqs. (22) and (23) became 

2 The coeff ic ients  C ( J  5'1;OO) are given i n  Appendix B for J = 0,1,2,3,4. 



2.4 Translations 

For hydrogen w e  asme t h a t  the  molecular translations 81-e free. 
Using familiar the  translational par t  of EQ. 3 becomes 

2 + +  + +  
- i K . r d  ( 0 )  i u - 5  ( t )  - '& &i+ t T  ) 

e = e  9 

where the temperature T is measured i n  electron-volts. 

The above approximation is l i ke ly  to  be a very good one f o r  gaseous 
hydrogen, but f o r  neutron scattering i n  l iquid hydrogen, t h i s  approximation 
w i l l  generally be invalid if the  initial neutron energy is below the  l iqu id  
hydrogen thennal energy. 



I11 - SCA"RING CROSS- SECTX ONS 

By using Eqs. (26), (27) and (28) i n  Eq. ( 3 ) ,  and performing the indicated 
integration over t, the "self" scattering cross-section per molecule from 
para-hydrogen becomes: 

where A E = EJl-E +nu, and for ortho-hydrogen 
J 

J' .1J 

* ( z J ' + l )  em - ( ~ + A E  + m  ?;/( ")} 1 c2(J J'i;OO) I Ana l2 
b I  J' -JI 



Eqs. (29) and (30) have some special cases of interest. 
neutron energy i s  suff ic iently less than  0.546 ev so that w e  sat i s fy  the 
condition 

If the  i n i t i a l  

for a l l  scattering angles, then the vibrations need not be considered, and 

1 

where 31 is the spherical Bessel function of o r d e r l .  
Eqa. (29) and (30) become 

Thus i n  th is  l imit ,  



L 
$=I J- J' I J 

Another special caee l e  that of l iquid hydrogen, where the molecules are i n  
their  ground rotational as w e l l  ae vibrational states. Here we find: 



and for  olrCho-hydrogen, 

ortho n 

Actuslly no specifically l iquid effects have been included i n  Eqs. (33) and (34), 

but as indicated earlier, these are expected t o  be of importance only f o r  

extremely law energy neutrons (Eo <. 002 ev). 

The in tegra ls  A,& can all be evaluated by recursion from the single inte-  

gral bo, and these recursion relations are given i n  Appendix C. 

A t  room temperature one might ask if the inclusion of spin correlations 

is important. The answer seems t o  be af'firmative, since, as an investigation 

of PJ readily shows, at t h i s  temperature only the rotat ional  states J=O,l,2,3 

are present i n  any appreciable amount. 
I 

I The cross-section for scattering from an ortho-para mixture is given by 

*ortho 
2 

S U  d o  %sra , 
Npara'Northo Para Npara+Northo ortho 



where N 

respectively. 

(. 0258 ev), Npara/Northo = 1/2.91. 

are the lnrmber densities of para and ortho molecules 

For kT >> .015, Np8rs/IVortho = l /3 ,  and at room temperature 
para and Northo 
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I N. 1- CEIIFFECTS 

So far our calculations have been for the "self" sca t t e r iw ,  ie., refer- 

ring t o  a single H2 molecule; and f o r  gaseous hydrogen the influence of the 

interference of neutron waves scattered from different  molecules w i l l  be very 

small. For l iqu id  hydrogen however, interference effects  m i g h t  be of import- 

ance f o r  very l o w  neutron energies where para-para t ransi t ions are the only 

c q e t i t i o n , i e . ,  fo r  neutron energies below .Ol5 volts. Wen f o r  these low 

energies, the para-para cross-section w i l l  dominate.1nterference e f fec ts  

f o r  l iqu id  hydrogen i n  terms of the translational correlation function f o r  

neutron energies below the  first vibrational leve l  w e r e  calculated by Sanna (4) , 
but f o r  completenese we quote the fonmrla here w i t h  the  inclusion of the 

vibrations: 

For a free gas the t ranslat ional  correlation function 

vanishes. 



V. MIMERICAL mUL!l?S AND DISCUSSION 

Equations (29) and (30) have been programmed f o r  computation on the IBM 

7044. 

scat ter ing f r o m  both ortho-and para-hydrogen gas a t  20.4OK fo r  i n i t i a l  neutron 

energies up t o  1 ev. 

as Eo approaches .022 ev, which i s  just  t h e  energythe neutron needs i n  the 

laboratory frame t o  cause the rotational t ransi t ion J = 0 - J = 1, fram para- 

t o  ortho-hydrogen. 

I n  particular,  Figure (1) shows the t o t a l  cross-section (per atom) f o r  

Notice tha t  the para-hydrogen cross-section rises rapidly 

Also shown i n  Figure (1) are some experimental points by 

G. Squires and A. Stewart(7). In  Figures (2) through (5) we show the computed 
2 

double d i f fe ren t ia l  cross section !hL for  two different  i n i t i a l  energies dE& 

and scattering angles. 

the structure due t o  the rotat ional  transit ions superimposed on the zero and 

one phonon contributions t o  t h e  cross section. 

for  para- than f o r  ortho-hydrogen, s ince  i n  t h e  case of para-hydrogen m l y  the  odd 

rotat ional  levels make a significant contribution, whereas a l l  levels  contri-  

bute t o  the ortho cross-section. 

roughly twice as much as the odd levels as seen i n  Eq. (30). A t  a scattering 

angle of 55' the structure due t o  the rotat ional  t ransi t ions is  s t i l l  present 

For Eo = 1.0 ev and 8 = 32' one can c lear ly  recognize 

The structure is  more pronounced 

The even levels i n  ortho-hydrogen contribute 

but appears somewhat smoothed out because of t he  larger  r eco i l  energy. The 

same comments apply t o  the curves corresponding t o  Eo = 0.22, although here 

only the zero phonon term can contribute t o  the cross-sections. 

I n  summary then, the  results given i n  t h i s  report predict the scattering 

cross-sections fram Hi and D2 for  incident neutron energies up t o  roughly 

3-ev and a l l  pract ical  temperatures. 

vo l t s  the calculated t o t a l  cross-sections fo r  both ortho- and para-hydrogen 

For neutron energies above a f e w  
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tend t o  the free atam l i m i t  as they should, and for  low neutron energies, 

so t h a t  only t he  first rotational transit ion occurs, the resu l t s  are iden- 

t i c a l  t o  those of Sarma. (4) me calculated t o t a l  cross -section agrees 

reasonably w e l l  with the available experimental data, and as the  experimental 

e r rors  decrease with increasing neutron energy so does the agreement between 

theory and experiment improve. 

far more sensit ive t o  the  de ta i l s  of the model than the t o t a l  cross-section, 

Since the d i f fe ren t ia l  cross-sections are 

it is hoped tha t  d i f fe ren t ia l  experiments planned and i n  progresi') for 
various ranges of neutron energy w i l l  allow a rigorous tes t  of the theory. 
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APPENDIX A 

D2 Molecule 

Aside from the trivial difference i n  masses, the only difference between 

the H2 and the D2 molecule lies i n  the spin correlation. I n  t h i s  appendix we 

calculate the cross-sections for the scattering of neutrons f r o m  De by evalu- 

ating the e f fec t  of the spin correlations, and using the 5 resu l t s  already 

obtained f o r  the vibrations, rotations and translations. 

For D2 we f ind (with the same notation as i n  section 11) 

where 

3 3  and S = I1 + is the t o t a l  spin of the molecule. Since the deuteron has 
, 

~ 

spin one, the symmetric ("ortho") nuclear spin eigenfunctions of the D2 mole- 

cule are those of spin 0 and 2, and these correspond t o  even values of J. I 

The antisymmetric ("para") s ta tes  have spin 1 and odd J values. 

readily be shown that the t o t a l  spin operator $has nonzero matrix elements 

It can 

2 
only between s t a t e s  of the same t o t a l  %!@ = S(S+l)) and that the operator Q 



has nonzero matrix elements only between states of t o t a l  S differing by 1. 

It follows from this ,  and also from the conservation of spin angular momentum 

( A  S = kl. ), that the t ransi t ions S = 0-S = 2 cannot occur. 0 

Using the 4s. (ll), (12), (14), (A-1) we find i n  t h i s  case 

xeinut . 
i(EJl-EJ)t 

c e  
coh inc 

J J' n=o 

2 I <J'J; nl cos (+? 1 J Jz, n=o>l , * E  Jz Jz 
1 

where implies tha t  J' and J have the m e  parity,  and fo r  J ' ,  J both 

even,S i s  0 or 2, while f o r  J', J both odd S i s  1. 
J' 

Similarly, 4 s .  (17), (19) and (A-3) result i n  

u 
JZJZ' 

I 
'I 

I where 1 implies i J '  
~ 0 o r  2, while f o r  J 

that J' and J have opposite parity,  and for  J even, S is 

od-d, S i s  1. 



The above resu l t s  now give, i n  complete analogy with the way Eqs. ( 2 9 )  

and (30) were obtained, the " self" cross-section for ortho-deuterium: 

+ga  inc (='+I ) em J '  a;  00) I A&( '3 
3 2  c 

J'=l,3,5,. . 

and f o r  para-deuterium w e  find: 

I I l?=IJ'-JI 

(A-5) . 
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where Ma i s  the deuteron mass. The energy l eve l s  for D2 are given by: 

and thus for low temperatures (5 .02 ev) spin correlations w i l l  be important 

for deuterium. 



APPENDIX B 

Here the values of the Clebsch-Gordon coefficients C 2 (J J'i?;OO) are 

given f o r  J = O,l,2,3. 

reference (6). 

so t ha t  

The analytic expression fo r  C(J J'1;OO) is  given i n  

For simplicity i n  notation we define the quantity (J J'I 1 )  

(J J'll) = (2J'+l) C2(J J'1;OO). 

The resu l t s  are: 

J = O  
(0 J'li?) = 2J'+ 1, 

J = l  
(1,J'I J'+1) = J'+1, (15'1 5'-1) = J' 

5.52 

3 J' (J'-1) 
2J' -1 (25'1 5'-2) 2 

J - 3  

35 (J' +4) (J' +3) (J' +2) (J' +1) 
(4J'I J'+4) = -8- 72J'+7) (U'+5 ) (2J'+3 ) 9 

e: 2 5 (2JI+~)(251~$)(al-l) (J'+3 (J'+2 J'+l)J' 3 
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mm1x c 

Recureion relatione useful in evaluating theA , which are defined 
n ,R 

by EQ. (27)) are presented here. 

here for the P (p) are: 

Firet the recureion re la t ime  of internet 

R 

-1 

-1 

(A-3) 

.where a = na/2, A = lr2/8Mw. 9. ueing (A-1) and (A-2): 
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(A-5 I 

I The recureion relation for n 0 i e  given eimply by 

( + I  
We see then that the only integrel that need be computed direct ly  i o  Co,o, 

a l l  the reet following fran recureion relatione. 



JIf 

kO 

k 

E: 

+ n 

Ei 

Ef 
-# 

r m 

&In 

i? 
-.) 

a r 

a 

52 

3 
J 

'Js 
W 

n 

E J 

'c oh 

Eknc 

I7n 
at 

UST OF SYMBOIS 

i n i t i a l  wave function 

f i n a l  wave function 

i n i t i a l  neutron momentum 

f i n a l  neutron momentum 

neutron energy transfer 

neutron momentum transfer  

i n i t i a l  neutron energy 

f i n a l  neutron energy 

position vector of m-th atom 

bound scattering length of m - t h  atan 

relat ive Coordinate of two atoms i n  same molecule 

position coordinate of molecular centre-of-mass 

cross-section 

sol id  angle 

molecular spin 

o rb i t a l  angular momentum of molecule 

neutron spin vector 

s t a t i s t i c a l  weight of s ta te  J w i t h  spin S.  

quantum of vibrational energy 

vibrational quantum number 

rotational energy of s ta te  J 

coherent scattering amplitude 

incoherent scattering amplitude 

nuclear spin 

t r ip le t  scattering length 

s inglet  scattering length 
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4 

I 

M 

b 

b+ 

0 

Jz 

a 

T 

AE 

3 1  

Md 

t o t a l  nuclear spin 

mass of hydrogen atom 

annihilation operator for vibrations 

creation operator for  vibrations 

angle between vectors and i? 
COS e 

spherical harmonic 

equilibrium separation between atoms i n  He molecule 

Clebsch-Gordon coefficient 

Kronecker-delta 

Legendre polynomial of order 1 

temperature 

EJ' J 
spherical Bessel function of order 1 

mass of deuterium atom. 

- E  +nw 
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